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Abstract

The traditional second-order self-adjoint forms of the transport equation are the
even-parity and odd-parity equations. A useful alternative to these equations exists
in the form of a second-order self-adjoint equation that has the angular flux as its un-
known. The numerical advantages and disadvantages of this equation are contrasted
both theoretically and computationally with those of the even-parity and odd-parity

equations.



1 Introduction

The even-parity and odd-parity transport equations are well-known second-order self-
adjoint forms of the transport equa,tion.1 A computationally useful alternative to these
equations exists in the form of a second-order self-adjoint equation that has the angu-
lar flux itself as the unknown rather than an even-parity or odd-parity component of the
angular flux. We refer to this equation as the self-adjoint angular flux (SAAF) equa-
tion. Although it has previously appeared in the literatureI® 3 the SAAF equation is not
well-known within the computational transport community. This may be due to the fact
that the SAAF equation has always been previously presented within the context of vari-
ational approximations to the transport equation.z’ 3 Pomraning and Clark? first derived
the SAAF equation from the first-order form of the transport equation using a purely al-
gebraic techniquel' and then used the SAAF equation to generate a wriational transport
principle of the extremum type. This extremum principle was sought as an alternative
to a saddle-point principle that they had previously obtained using the first-order form of
the transport equation. They then used the extremum principle to obtain a more accurate
form of diffusion theory. Pomraning and Clark? derived only the 1-D slab-geometry form of
the SAAF equation and assumed that the cross sections were spatially independent. This

assumption was necessitated by their particular approach to the derivation. While inves-



tigating generalized least-squares approximations to the first-order form of the transport
equtaionl’ Ackroyd3 showed that the SAAF equation is the Euler-Lagrange equation for a
certain generalized least-squares functional. He derived the 3-D SAAF equation without
any restriction on the spatial dependence of the cross-sections.

There are two primary purposes of this paper:

1. to show the SAAF equation can be derived from the first-order form of the transport
equation using a purely algebraic technique that is simpler than than that of Pom-

raning and Clark® and yields the unrestricted 3-D equation derived by Ackroyd.3.

2. to compare the SAAF equation with both the even-parity and odd-parity equations

from a computational point of view.

The central point to be made is that the SAAF equation is an interesting and useful
equation that deserves attention from the transport community. The remainder of this
paper is organized as follows. First we list the computational advantages and disadvantages
of the even-parity equationl’ the odd-pariy equationI’ the SAAF equationI’ and the standard
first-order transport equation. Next we derive the monoenergetic even-parityl’ odd-pariyl’
and SAAF equations using very similar algebraic manipulations unrelated to variational
methods. Boundary conditions for the SAAF equation are then derived and contrasted
with those of the even-parity and odd-parity equations. Two multigroup forms of the
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SAAF equationl’ whih are suitable for solution via the P, and 5, techniques respectivelyl’
are given next. A form of the SAAF equation that is suitable for void regions is then
derived. Singularities that arise in the SAAF equation are discussed next. We then apply
both S, and P, discretizations to the SAAF equation. It is shown that the P, discretization
can be formulated in two distinctly different ways. The first is equivalent to a least-squares
approximation to the first-order transport equationl’ while the second is equiulent to the
standard P, approximation to the first-order transport equation. Results are then presented
from a computational comparison of even-parity solutionsI' odd-pariy solutionsI’ aerages of
even-parity and odd-parity solutionsI' and SAAF solutions using a common discretization.

Finallyl’ ve give conclusions and suggestions for future work.

2 Comparison of Equations

The traditional second-order self-adjoint forms of the transport equation are the even-
parity and odd-parity equations.1 These equations have both advantages and disadvantages
relative the standard first-order form of the transport equation. For instancel’ a list of

advantages follows:

1. The traditional self-adjoint equations can be solved on multidimensional finite-element

spatial meshes using standard continuous finite-element discretization techniques.



Fundamental difficulties can arise on such meshes with the standard first-order form
of the transport equation. In particularl' a blok lower-triangular ordering of the
unknowns in the source iteration equations (with each block corresponding to the
unknowns associated with a single spatial cell) may not exist because general finite-
element meshes almost always contain slightly re-entrant cells. In additionI’ rigorous
application of the discontinuous finite-element method is extremely complicated with
re-entrant cells because solution discontinuities will sometimes occur on the interior

of cell faces rather than occurring only along cell edges.

2. The application of continuous finite-element spatial discretizations results in matrix
equations that are symmetric positive-definite (SPD.) Solution techniques for SPD
systems are generally more efficient and robust than those for non-SPD systems. For
instancel’ the preconditioned conjugate-gradien method? is one of the most efficient
and robust Krylov solution techniques in existencel’ but it can only be applied to SPD

systems.

3. The P,, equations are much more easily solved in a second-order self-adjoint form
than in the first-order form because the flux moments are strongly coupled via the

— —

Q) - V operator.

A list of disadvantages follows:



1. The traditional self-adjoint S, source iteration equations generate a general sparse
matrix equation rather than a block lower-triangular matrix equation. Thus they
cannot be solved using the standard sweeping technique used for the first-order S,
equations. This is not necessarily a disadvantage on general finite-element meshes
because the standard sweeping technique may significantly degrade in efficiency when
applied to the first-order S,, equations. Howeverl it often is a disadwantage on orthog-
onal meshes where the first-order S, equations often can be very efficiently solved

using the sweeping technique.

2. In multi-dimensionsI’ reflectie and reflective-like boundary conditions result in fully
implicit coupling between incoming and outgoing directions. In contrastl’ only one-
way coupling occurs between incoming and outgoing directions with the standard
first-order form of the transport equation. In particularl' the outgoing directions ap-
pear in the equations for the incoming directionsI' but incoming directions do not
appear in the equations for the outgoing directions. The additional angular coupling
associated with the traditional self-adjoint equations causes the diffusion-synthetic
acceleration technique to degrade in effectiveness when applied to the S, equa,tions.5

Howeverl it has no significatt effect upon the P, equations because the angular mo-

ments always couple at the boundaries regardless of whether the transport equation



is in a first-order or second-order form.

3. The full angular flux is difficult to numerically calculate because the even-parity and
odd-parity flux components can be obtained with different orders of accuracy and are
not spatially co-located. This arises because one component is always proportional

to a gradient of the other.

4. Performing transport calculations with voids is problematic. The leakage terms in the
even-parity and odd-parity equations contain the inverse of the total cross sectionl’ and
thus become singular in a void. One can nonetheless define independent self-adjoint
equations for the even-parity and odd-parity fluxes in a voidl' but no relationship
exists between these components. For examplel' one componett is not proportional
to the gradient of the other. Since the even and odd components couple at boundariesl’

one cannot satisfy boundary conditions without solving both equations.

5. Solving the steady-state odd-parity transport equation in a pure scattering region
is problematic because a matrixI' whih must be inverted to obtain the relationship
between the even-parity and odd-parity fluxesI' becomes singular wheno,/o; = 1. See

Section 3.4 for more details.

The SAAF equation has all of the advantages previously listed for the traditional self-

adjoint equations. It also has certain additional advantages:



1. The full angular flux is obtained when the SAAF equation is numerically solved rather
than either the even-parity component or the odd-parity component alone. Thus the
difficulties associated with constructing the full angular flux from numerical solutions

to the traditional self-adjoint equations is avoided.

2. Because the full angular flux is present on the boundariesI' reflectie and reflective-
like boundary conditions are much easier to implement. Most importantlyl’ incoming
and outgoing directions couple in the SAAF equation in exactly the same manner
that they couple in the standard first-order transport equation. This is particularly
important when solving the SAAF equations with S,, angular discretization. The fully
implicit coupling that occurs between incoming and outgoing directions at reflective

boundaries with the even-parity and odd-parity S,, equations is avoided.

3. The SAAF equation (in an appropriate form) can be solved in a void because the full

angular flux provides adequate information to satisfy the boundary conditions.

The SAAF equation shares only two disadvantages with the traditional self-adjoint

equations:

1. The SAAF S, source iteration equations generate a general sparse matrix equation
rather than a block lower-triangular matrix equation. Thus they cannot be solved

using the standard sweeping technique used for the first-order S, equations.



2. Solving the steady-state SAAF equation in a pure scattering region is problematic.
This property arises in the SAAF equation for the same reason that it arises in the

odd-parity equation. See Section 3.4 for more details.

In additionI' the SAAF equation has one significat disadvantage relative to the tradi-
tional self-adjoint equations. Because the full angular flux is the unknown in the SAAF
equationI' the angular domain is the full unit sphere. The angular domain associated with
the traditional self-adjoint equations is a half of the unit sphere. Thus the SAAF equation
requires twice as many angular unknowns for the same order of angular approximation as
the traditional self-adjoint equations.

Solving the SAAF equation is closely related to solving both the even-parity and odd-
parity equations’ but it ismot equivalent. The even-parity and odd-parity equations are
traditionally solved in a completely independent manner. We later show that solving the
SAAF P, equations is equivalent to solving even-parity and odd-parity P; equations that

are independent on the mesh interior but coupled at the boundaries.
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3 Derivation of the Equations

We begin our derivations with the standard first-order form of the monoenergetic transport
equa,tion:1

— —

Q-Vitod=5p+q , (1)
where 5) is the directional variableI'y is the angular fluxI'o; is the macroscopic total cross
sectionl' S is the scattering operatorl’ andg is the inhomogeneous source. The scattering
operator is assumed to be expressible as follows:

— — ——! f
Sxp:/as(Q-Q)T/J(Q)dQ , )
4

——! —
where o, (Q . Q) is the differential scattering cross-section. We first derive the even-

parity and odd-parity equations. Substituting —_6) for _(? in Eq. (1)I’ adding the resulting

equation to Eq. (1)I" and dividing ly 2I" ve obtain:
Q- VY oyt =St gt (3)

where the even-parity flux is given by



St denotes the scattering operator restricted to the even-parity domainI’ andg™ denotes the
even-parity inhomogeneous sourcel’ whid is defined in analogy with Eq. (4). Substituting
—> —> . . . . . . .

—Q for Q in Eq. (1)I" subtracting the resulting equation from Eq. (1)I' and dividing p 2T’
we obtain:

- —> + _ o _

Q- V¢ top =597 +q (6)
where S~ denotes the scattering operator restricted to the odd-parity flux domainI’ andg™
denotes the odd-parity inhomogeneous source defined in analogy with Eq. (5). We obtain

the even-parity transport equation by first solving Eq. (6) for ¢~ as follows:
-1— — -1
Yy == (n-5) Q-Vet+(n-5) ¢ , (7)

and then substituting from Eq. (7) into the gradient term in Eq. (3):

— — -1

Q-+ (o- ST =g" - -V (a-5) ¢ . (8

-1

—5)-_V_>(at—5_)

We similarly obtain the the self-adjoint odd-parity transport equation by using Eq. (3)

to solve to solve for ™I and then substituting that expression ito the gradient term in
Eq. (6):

_5’.‘6(@_5+)‘1‘§.‘v"¢—+(at—s—)¢—:q—— Q-Vv (crt—é’*)_lq+ . (9)

The derivation of the SAAF equation is very similar to the derivations of the even-parity
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and odd-parity equations. In particularl’ ve use Eq. (1) to solve for ¢ as follows:
p=—(0—- 8" Q -Vt (oe—5"q (10)
and then substitute from Eq. (10) into the gradient term in Eq. (1):
Q- V(-850 - Vet (o -S)db=q-Q-V(-5"q¢ . (11)

Note that the basic structure of the SAAF equation is identical to that of the even-parity
and odd-parity equations.
It 1s worthwhile to note that the SAAF equation can also be derived simply by adding

the even-parity and odd-parity equations. Howeverl' the derimation requires proof that

Sip = STt + S~

3.1 Boundary Conditions

The SAAF boundary conditions for incoming directions are identical to those of the stan-
dard first-order transport equation. For instancel' at a boundary with an incoming fluxl’

the following condition is satisfied:

(T, Q)= F(Q) , Q-7 <0, (12)

where 75 denotes a point on the boundary of the problem domainl’ n is the outward-

directed boundary normall’ and f( 6}) defines the incoming boundary flux. Note that
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a vacuum boundary condition is obtained by setting f = 0. The standard first-order
transport equation does not require a boundary condition for outgoing directionsI' but the
SAAF equation does. We obtain one simply by requiring the SAAF solution to satisfy the

first-order transport equation at the boundary:

- — 4 =

DT Q)+ (=) Q- V(T Q) = (0. =) q(Ts, Q) , Q-7 >0 (13)

Because the SAAf has second-order spatial derivativesl' it admits more solutions than the
first-order form of the transport equation. A natural way to ensure that spurious solutions
to the SAAF equation are eliminated is to make the SAAf solution satisfy the forst-order
equation on outflow boundaries.

Equation (12) also applies for a reflective condition if we define the incoming flux as

follows:
fla)y=+(a) , (14)

where 6) is mapped to _(?I via specular reflection. Thus the outgoing fluxes appear in
the reflective boundary condition for the incoming fluxes. Equation (13) also applies for
a reflective condition’ but it requires no modification. Thus the incoming fluxes do not
appear in the reflective boundary condition for the outgoing fluxes. This type of “one-
way” coupling at reflective boundaries is identical to that of the standard first-order form
of the transport equation. This property is extremely important for S, calculations be-
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cause it ensures independent source iteration equations for each direction whenever the
standard first-order S,, equations display such independence. The two-way coupling be-
tween directions which occurs at reflective boundaries with the even-parity and odd-parity
equations can lead to significant degradation of the source iteration convergence rate even

when diffusion-synthetic acceleration is applied.5

3.2 Source Iteration Forms

In most instancesl’ energy-dependett versions of the operator (o; — S)_l are not self-adjoint.
If this operator is not self-adjointI’ the SAAF equation is not self-adjoitI’ and the discretized
SAAF equations will no longer be symmetric positive-definite (SPD). This would seem to
imply that the sophisticated solution techniques that can be applied only to SPD systems
could no longer be applied to the SAAF equation. Fortunatelyl’ this potenial difficulty can
be avoided by using the multigroup energy treatment in conjunction with source iteration.
Source iteration for the between-group component of the scattering source is routinely used
in both P, and S, calculationsI' and it is only this componet that is not self-adjoint. For
instancel' the mltigroup version of Eq. (11) appropriate for P, calculations can be written

as follows:

— —

V(- 5) N Q Vet (or— Sa) ¥ =S +a— Q- V (0 — Sa) " (Sovp +q) , (15)
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where S; denotes the within-group block of the multigroup scattering matrixI' and S, de-
notes the between-group block of the multigroup scattering matrix. Note that the multi-
group notation for matrices and vectors is suppressed in Eq. (15) for simplicity. There
is no difficulty solving Eq. (15) via source iteration because the operator on the left side
of Eq. (15) is self-adjoint and positive-definite. The monoenergetic version of Eq. (11)

appropriate for S, calculations can be written as follows:

O Votow—Sptq—0-vortad (16)

O O

The form of Eq. (16) remains unchanged in the multigroup case. There is no problem
solving Eq. (16) via source iteration because the operator on the left side of Eq. (16) is
self-adjoint and positive definite.

Diffusion-synthetic acceleration can easily be applied to Eq. (16) using the SAAF P,
equations as the low-order operator for the SAAF S, equations. Since they are both
second-order equationsI’ one can apply the same finite-elemeit spatial approximation to
these equations and thereby achieve consistency between the high-order and low-order
operators. The approach is analogous to that developed by Morel and McGhee.? for the

even-parity S, equations.
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3.3 Void Forms of the SAAF Equation

To obtain an SAAF equation appropriate for a voidl' ve first take Eq. (11) and assume a

purely absorbing medium with a spatially constant cross-section:
S
Q- -Vy+op=0 . (17)

Since the cross-section is constantl’ ve can move it through the gradient term and multiply
the equation by o,:
— = — 9
-Q-VQ- -Vy+oyp=0 . (18)
Finallyl’ taking the limit aso, — OI' ve obtain the desired void equation:

- —— —
~—Q-VQ-Vy=0 . (19)

Following an analogous procedurel’ v obtain the following even-parity and odd-parity void
equations respectively:
- o =
-Q-vVQ-Vvy =0 , (20)
and
— o =
-Q-vVQ-Vy =0 . (21)
Equations (20) and (21) cannot be solved independently because the even-parity and odd-

parity fluxes couple at boundariesI' and these fluxes are no longer related ly Eqs. (3) and
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(6). Thus one must simultaneously solve Egs. (20) and (21) in order to have the information
required by both of these equations at the boundaries.

For instancel’ let us first consider boundary conditions for the non-vwid even-parity
equation and demonstrate why Eqgs. (8) and (9) can be solved independently. The vacuum

boundary condition for the first-order transport equation is
B(R)=0 0w <y, (22)

To get the corresponding boundary condition for Eq. (8)I' ve first sum Egs. (4) and (5) to
obtain

$(Q) =¥ () +97(Q) - (23)
Next we substitute from Eq. (23) into Eq. (22):

—

vHQ)+¢7(Q)=0 , Q. -7 <o (24)

In order to solve Eq. (8) without solving Eq. (9)' ve must express the odd-parity flux in
Eq. (24) in terms of the even-parity flux. This is done via Eq. (7). Substituting from
Eq. (7) into Eq. (24)I" ve obtain a boundary condition that contains only the even-parity
flux:

Q) (0:-5) @ -Vt +(0.-5) ¢=0 ,a-w <0 (25
Equation (24) remains valid in a voidl' but Eq. (7) no longer relates the een-parity and
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odd-parity fluxes. Consequentlyl’ one cannot eliminatey~ from Eq. (24)I" so Egs. (20) and
(21) must be solved simultaneously.

The boundary condition for Eq. (19) for incoming directions is identical to that for
Eq. (11):

(T, Q)= F(Q) , Q-7 <0, (26)

In analogy with Eq. (13)I" ve use the first-order form of the transport equation to obtain

the boundary condition for outgoing directions:

— —

Q- Ve(Th Q)=0 , 0 -7 >0 (27)

There are two notable difficulties that can arise when numerically solving Eq. (19).
Unlike the non-void SAAF equationl’ Eq. (19) does not constitute a statement of particle
conservation. While it is true that an analytic solution to Eq. (19) (with appropriate
boundary conditions) will solve the first-order form of the transport equation and thus
satisfy particle conservationI' it is not clear that mmerical solutions to Eq. (19) can be made
to satisfy particle conservation. By definition' a mmerical approximation is conservative
if it preserves the integral of the standard transport equation over the problem domain. In

a voidl' this requiremernt takes the following form:
— —
[a-Véar=0 | (28)
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where 7 denotes the approximate solution for +. This integral can either be satisfied
rigorously via finite-element methods or it can be satisfied in a discrete sense.

Let us contrast the conservative nature of the non-void form of the SAAF equationl’
Eq. (11)I' with the non-conserwtive nature of the void formI' Eq. (19). Equation (11)

represents an expression of particle conservation because
1 — _
Yp=—(0:-5) " Q -Vo+(o:—S5)"q . (29)

Thus Eq. (11) is equivalent to the first-order equation via substitutionI’ i.e.I' substituting
Eq. (29) into Eq. (19) yields the first-order form of the transport equation. Consequentlyl’
integrating Eq. (11) over the problem domain is equivalent to integrating the first-order

form of the transport equation over that domain. Howeverl' Equation (19) does not repre-

sent a statement of particle conservation because
pE-Q -V . (30)
Thus Eq. (19) is not equivalent to the first-order equation via substitutionI’ and irtegrating
Eq. (19) over the problem domain is not equivalent to integrating the first-order form of
the transport equation over that domain.
NonethelessI' the question naturally arises as to whether it is possible to satisfy Eq. (28)
via Eq. (19) in some indirect manner. In 1-D slab geometryl' the wid solution for the

angular flux is a constant. Hence almost any consistent discretization of Eq. (19) will
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result in the exact (and thus conservative) solution. Howeverl in aty other geometryl’ one
cannot generally expect to obtain exact void solutions. For this general casel' an indirect
means of satisfying Eq. (28) via Eq. (19) is not apparent to us. Howeverl' ve cannot prove
that such a means does not exist. This is a subject for future research.

In a numerical problem containing both void and non-void regionsI' one must define a
method for interfacing Egs. (11) and (19). There are many possible ways to do this. The
challenge is to find an interface technique that is accurate and retains an SPD coefficient
matrix. Manteuffel and Ressel’ have developed a least-squares method for solving the
transport equation that is closely related to solving the SAAF equation. Although they
did not perform any computations with void regionsI’ their formalism admits sud regions.
Furthermorel' their formalism yields an SPD coefficiet matrix in calculations with both
void and non-void regions. A study of the solution of the SAAF equation in voids is beyond

the scope of this paperl’ but it is clear that this is an importan area for future research.

3.4 Singularities of the SAAF Equation

As previously notedI’ both the the odd-pariy and SAAF equations become singular in the
limit as o,/0; — 1. These singularities arise from the (¢; — S7)™* and (o; — S)~! matrices.

As shown in the Appendix the matrices St and S are diagonal in the spherical-harmonic
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basis. For instancel’ in the 1-D monoenergetic casel’

S = diag(0o,01,09,...) (31)

and

St = diag(o9,032,04,...) (32)

where o7 denotes the I’th Legendre moment of the scattering cross-section. It is evident
from Eqgs. (31) and (32) that

1 1 1

, , oo
Oy — 09 Oy — 01 Oy — 02

(o; — S)~* = diag(

and

1 1 1

, , oo
Oy — 09 Ot — 02 0y — 04

(o; — ST)™! = diag( (34)

In a purely scattering mediumI'o; — 09 = 0. Thus it can seen from Egs. (33) and (34)
that a singularity arises in the first element of both matrices. This singularity can be
avoided by solving the source-iteration form of the SAAF equation given in Eq. (16).
Unfortunatelyl’ this is not a ery practical solution since the source iteration process can
converge arbitrarily slowly in a purely scattering medium. The use of diffusion-synthetic
acceleration (DSA) to avoid the convergence difficulties immediately comes to mindP® but
it must be remembered that the the odd-parity and SAAF P; equations are themselves
singular in a purely scattering medium. Thus a straightforward form of DSA is not possible.
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Adams has shown that an asymptotic diffusion equation can be derived from the odd-parity
Sn equations in 1-D slabsI® and further that it can be used to produce an effective DSA
scheme. This suggests that a similar approach might be possible for the SAAF equation.
An investigation of the asymptotic properties of spatially-discrete SAAF equations in the
thick-diffusion limit is beyond the scope of this paper. Howeverl' v have performed a
preliminary study that shows that the 1-D slab-geometry SAAF §,, equations with lumped
linear-continuous finite-element spatial discretization produce independent vertex-centered
and cell-centered diffusion equations in the thick diffusion limit. We intend to investigate

the use of these equations in a DSA scheme for the SAAF S,, equations in the near future.

4 S, Discretization

The SAAF equation is trivially discretized via the S, approximation. In particularl’ ve

obtain the following monoenergetic 1-D slab-geometry Sy equations:

0190 0 StYm + gm
— 2 S — f— — _—_— —
Hm B o 5 ¥m T Wm = Sm + 4m — b o ,m=1T'N (35)
where
L
Stm =Y (2 + 1)odP(pm) ,m=1I'N (36)
=0
M
m=1
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and where m is the angular indexI'N denotes the quadrature orderI' denotes the degree of
the cross-section expansionl' P(z) denotes the Legendre polynomial of degree {I'w,, denotes
the quadrature weight associated with the m’th quadrature cosinel'y,,.

For reasons that become clear in our discussion of P, discretizationsI' it is significatt to

note that we can obtain the above equations in two distinct ways:
o Directly apply the S,, discretization to the SAAF equation.

o Apply the S, discretization to the first-order form of the transport equationl’ and
then deriwe an SAAF discretization via the same algebraic procedure by which the

SAAF equation is derived from the first-order form of the transport equation.

We refer to the former as the direct procedure and to the latter as the indirect procedure.
Because both of these procedures produce the same equationsI’ it follavs that our SAAF S,
equations are completely equivalent to the standard S,, equations for the first-order form
of the transport equation. We stress that this equivalence necessarily holds only for the
spatially-analytic equations.

The spatial discretization technique that we define here is quite simple and represents a
lumped version of the linear-continuous finite-element method.® HoweverT ve derive it from
a purely finite-difference viewpoint for the sake of simplicity. As is customaryl’ ve denote
cell-edge quantities with half-integral indices and cell-center quantities with integral indices.
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Each spatial cell is assumed to contain a homogeneous materiall' but materials ma differ
between cells. Our equations contain both cell-center and cell-edge unknowns.
The equation for the angular flux at cell-center 7 and direction m represents a balance

equation for the first-order form of the transport equation over the interval [mi_%, mi+§]3

Hm (¢i+%,m - T/Ji_%,m) + ot ihimAz; = QimAz; (38)
where
Az; = Tir—w1 (39)
and

The equation for the angular flux at cell-edge 7+ % and direction m represents a balance

equation for the first-order form of the transport equation over the interval [z;, z;11]:

o (Yit1,m — Yim) + O't,i+%7/}i+§,mAmi+§ = QH—%,mAmH-% ) (41)
where
Az, ir1Az;
Cyips = 0, iAZT; + 0 11A%54 7 (42)
T2 Az; + Az,
1
Amu_% =3 (Az; + Az;iq) ) (43)

25



We now obtain an interior-mesh discretization for the SAAF equation by first solving
Eq. (38) for ¢; m:

")bi,m = - fom (¢i—|—%,m - ")bi—%,m) + Qi,m ) (44)

O'tﬂ'Ami Ot

and then using Eq. (44) to eliminate the cell-center fluxes from Eq. (41):

2 2
__ Hm _ Hm _
Ttit1 A:B,'+1 (")bz-l—%,m ¢1—|—%,m) —I_ O't','A:D,' (")bz-l—%,m "ﬁz_;—ym) —I_

Qi ,m Qi,m
O't,i+%7/}i+§,mAmi+§ = Qi-l—%,mAmi-l—% — HBm (L T ous ) : (45)

Ot,i+1

Equation (45) applies to all of the cell-edge angular fluxes except those on the left (z = 3)
and right (s =1 + %) boundaries.

The equation for ¢%,mf‘ tales the form of a balance equation over the interval [m%, zy):

pim (Y1,m — YL,m) + O't,11/1%,m% = Q1. Azml , (46)

where 91, , takes on different values for incoming and outgoing directions:
Yim = fm s > 0, (47)
Vim = Pim i < 0, (48)

where for a source condition f,, denotes the incident fluxI' for a wmcuum condition f,,, = 0T
and for a reflective condition f,, = 1/1%(—,um). Note that Eq. (47) is itself compatible with
Eq. (12)I' while Eq. (46) together with Eq. (48) is compatible as a whole with Eq. (13).
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Using Eq. (44) to eliminate )y ,, from Eq. (46)I" ve obtain the SAAF discretization for

the left boundary vertex flux:

Az, Az, Ql,m

Fom
e TR R

O't,lAml

2 Ot.1

As previously notedI’ ve have used a lumped version of the linear-continuous finite-
element method to spatially discretize the SAAF S, equations. The standard finite-element
equations are “lumped” by replacing three-point cell-edge removal and source terms with
one-point terms. This results in a more robust (i.e' more positie) discretization at the
cost of accuracy. Although both the lumped and standard equations are second-order
accuratel’ the error is nonetheless larger for the lumped sheme in the thin-mesh limit. To
obtain the standard finite-element S,, discretization from the lumped discretizationl' male

the following substitutions in Eq. (45):

o-t,i+%¢i+%,mAmi+% — Ot (§¢z—%,m + §¢1—|—;—,m) T + Otit+1 (gq)bz-l—;—,m + §¢1—|—%,m) 2+1 )
(50)
1 2 Amz 2 1 Amﬂ_l
Qirt mAz 1 — (gQi—%,m + gQi—I—%,m) T (gQi—I—%,m + gQi—I—%,m) 2 , (51)
and the following substitutions in Eq. (46):
Az 2 1 Az
O't,l";b%,mTl — Ot (?/g,m + § g,m) ) - ) (52)
Aml 2 1 Aml
Qim—y — (gQg,m + gQg,m) 5 (53)
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Finallyl’ ve note that we explicitly define the inhomogeneous sources only at the vertices

and calculate the cell-center sources by averaging the adjacent vertex sources:

qdim =

(@ 1m + Gir2m) (54)

N | =

We stress that this is not done for the scattering sources. The cell-center scattering sources

must be calculated with the cell-center fluxes for consistency.

5 P, Discretization

In the previous section we described direct and indirect procedures for obtaining the S,
discretization for the SAAF equation. Both procedures result in the same §,, discretizationl’
but they result in different P, discretizations. To demonstrate thisI' ve first take the indirect
approach. In particularl’ ve assume a P; expansion for the angular flux in the first-order
form of the transport equation and then take Py and P; moments of that equation. The

following respective equations are obtained:

bt (o od=a (59
10
58_m¢0+(0t_01)¢1 =< (56)
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where ¢; denotes the I’th Legendre moment of the inhomogeneous source. Using Eq. (56)

to eliminate ¢; from Eq. (55)I" ve obtain

0 1 0 B 0 1
_a_mma—mqso—l-(dt—do) ¢0_§0_(9_mm , (57)
Using Eq. (55) to eliminate ¢o from Eq. (56)I' ve obtain
0 1 0 B 0 So
_(9_1573(0}—0'0)(9_1:(;51—'_(0}_0’1)(;51 =G — (9_1573(01—0'0) (58)

Equations (57) and (58) represent a P; approximation to the SAAF equation.
If we use the direct approachl i.e.I' assume &; expansion for the angular fluxI’ substitute
it into the SAAF equation’ and tale P, and P; momentsl' respectielyl’ v still obtain

Eq. (57)[ but Eq. (58) is replaced with

0 1 4

0 N 0 So
Oz |3(0r —00) 15(0r — 02)

0
8_m¢1+(0t_01)¢1 :§1—a—mm . (59)

Since Eqs. (57) and (58) represent the standard P; equationsI’ the question naturally arises
as to what Eqs. (57) and (59) represent.

To answer this question’ ve must further consider the connection between the SAAF
equation and least-squares approximations to the first-order form of the transport equation.
We begin the discussion by noting that if o; # ool the operatorI'd; — S)~'I" has a diagonal

representation with strictly positive elements (e.g.I' see the Appendix). This this operator
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has a square rootI' r; — S)_%. Furthermorel’ g; — S)_% is self-adjoint with respect to the

standard inner product:

(o — S) Fu,h), = /Lw{(at—S)_%u}thdV ,
. /qu(at—S)_%thdV ,

= (u,(0:— S)7h), (60)

where u and h denote any two square-integrable functionsI' and the spatial itegral is taken
over all space. Thus we can use this operator to define the following “operator-weighted”

inner product:

(u,h) = /Lw (0. = 8) ¥ u] (0. — §)3 8] daav
. /qu(at—S)_lthdV ,
_ /LW[(at_S)—lu}thdv ,

= h(o,—S) ' udQdV (61)
/1.

wherel" as in Eq. (60)[& and h denote any two square-integrable functionsI' and the spatial
integral is taken over all space. Let £ denote the first-order monoenergetic transport
operatorl’ 1.el.
— —
LYy=Q  -Vy+oyp—Sy . (62)
The adjoint transport operator corresponding to the inner product that we have definedI’
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LIT satisfies

(Chu,h) = (w,Ch) (63)
for all w and AI' and tales the following form:
Llu=—(0,~S)Q -V (e — ) ut (o, —S)u . (64)

Note that the definition of the adjoint transport operator depends upon the inner productI’
1.e.l' a differett inner product will give rise to a different adjoint transport operator. It is

easily verified that the SAAF equation can be expressed as follows:
(o:—8) ' Lty = (00— S) " LYqg . (65)

Nowl let us define the follaving generalized least-squares functional for the first-order trans-

port equation:
I=(Ly—q,Ld—q) (66)

Let us further assume a spherical-harmonic expansion for the angular flux:

L (@) (67)

_)_) L {
P(r', Q) ZZ

=0 m=—
where Y™ denotes the spherical-harmonic function of order [ and degree m as defined in the
AppendixI' and @ denotes the corresponding spherical-harmonic moment of the angular
flux:
m — m (=
L@@ -
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To minimize I'T' ve first make the following substitution:
() = () + () (69)

. —>\ . . . .
where € is a parameter and v}*( r') is an arbitrary square-integrable function. Then we

require that

or

? =0 ,forall k and j. (70)
k

J_
ek_O

This procedure yields the following equations:

S AL i i -
£ Y —(,b Y™ —q,LY]v] ) =0 ,for all k£ and j. (71)

I=0m=-1
Using Eq. (63) to re-express Eq. (71)I" ve get
L2l + 1 >
[,T[,Z > ¢mYm Liq,Y7v]) =0 ,forall k and j. (72)
=0 m=-1
It is useful at this point to abandon the inner-product notation and re-express Eq. (72) as

follows:

[ Lo

2l—|—1

L 4
Z Yo Y — Llg
—0m=—1

Y7 dQv] dV =0 for all k and j.

(73)

It is not difficult to recognize that Eq. (73) can only hold for arbitrary ’Ui; if

fulen-

L 2l+1
LIPS LR
— =

Y/ dQ =0 ,forall kandj. (74)
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Recalling Eq. (65)I" ve recognize Eq. (74) as the standard (Galerkin) Pj, equations for
the SAAF equation. Thus we find that while Eqgs. (57) and (58) represent the standard Py
approximation to the first-order transport equationl’ Egs. (57) and (59) represett a general-
ized least-squares spherical-harmonic approximation to the first-order transport equation.
Because we have defined our inner product on an infinite spatial domainI' this equialence
does not necessarily carry over to the boundaries of a finite system. Howeverl' complete
equivalence is possible if one defines the Galerkin boundary conditions to be consistent
with those obtained via least-squares boundary functionals.?

In generall’ aty Galerkin approximation to the SAAF equation will represent a general-
ized least-squares approximation to the first-order form of the transport equation. The same
can be said for the even-parity and odd-parity transport equations except that the first-
order counterpart to these equations is the system of first-order even-parity and odd-parity
equations given in Eqs. (3) and (6) rather than the standard first-order transport equation.
Ackroyd3 points out that this is an explanation for the fact that while linear-continuous
spatial finite-element (Galerkin) approximations to the first-order transport equation are
generally highly oscillatoryl’ these same appraimations are well-behaved when applied to
the even-parity and odd-parity equations. The application of such approximations to the
SAAF equation can be expected to result in similarly well-behaved solutions.

We choose to solve the standard P; equations iin this paper rather than the least-
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squares P; equations simply because the former are the traditional equations. The spatial
discretization used for the S, equations is also used for the P; equations. In particularl’ the

first-order equation for the Py moment at cell-edge 2 + % is:

(¢i+1,1 - ¢z’,1) + (‘Tt,i+§ - ‘To,i+§) ¢i+§,oAmi+§ = i+§,oAmi+§ ) (75)

where all cell-edge scattering cross-section moments are defined in analogy with the cell-
edge total cross-section defined in Eq. (42). The first-order equation for the P; moment at

cell-edge 7 4+ % is:

(fi+1,0 — di0) + (O't,i+§ - 0-1,1'-|—%) ¢i+%,1Ami+§ = C’i,lAmH-% . (76)

W =

The equation for the Py moment at cell-center i is
(@+;1—¢p%;)+(0m-—0w)¢pAmf=QpAmi : (77)
and the equation for the P, moment at cell-center 7 is

(fi10— i 10) + (005 — 010) biaAzs = sinAa; (78)

W =

Solving Eq. (77) for the Py moment at cell-center 7 gives

1
¢i,0 = - )Amz (¢i+%,1 - ‘;bi_;_,l) + T

(o1 — 004

and solving Eq. (78) for the P, moment at cell-center ¢ gives

1 i1
¢i,1 = - )Aaf:i (¢i+§,0 - 451'—%,0) + ﬁ . (80)

3(ot; — o1 i— 014)
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Substituting from Eq. (80) into Eq. (75)[' and substituting from Eq. (79) itto Eq. (76)I"

we obtain the interior-mesh SAAF equations for the Py and P; flux momentsI respectiely:

1 1
 3(otir1—o1,i41)Azigs (¢i+%70 - (‘b""‘;"o) + 3(os,i—01,:)Az; (¢i+%70 - (,251-_%,0) +

_ Sit1,1 Si1
(O't,i+§ - 0’0,1’+%) ¢i+§,0Ami+§ = §i+§,0Ami+§ - + ) (81)

(08,541 —01,i+1) (oti—01,3)

and

1 1
T 3(0t,it1-90,i+1)A%iq1 ((‘bi"‘%’l o (’b""‘;"l) + 3(ot,i—00,i)Am; (¢i+%71 - (’bi—%’l) +

. . . Sit1,0 $i,0
(o-tﬂ"*% 017“‘%) (‘b""‘%’lAmi"‘% - g”lAm“‘% 3(dt,it1—00,i+1) + 3(at,i—00,i) . (82)

Equations (81) and (82) apply to all vertices except the first (¢ = ) and the last

[

The equations for the P, and P; flux moments on the boundaries require special at-
tention becausel’ as shavn in Egs. (47) and (48)[ the boundary flux definition hanges for
incoming and outgoing fluxes. This discontinuity in the boundary flux must be accounted

for when angular moments of the transport equation are taken. In particularl’ let us con-

1

sider the equations for ¢y and ¢, at 7 = ;. we begin our derivation of these equations with

angularly-continuous analogs of Eqs. (46)I" (47)I" and (48)I" respectaly:

Aml Aml
7 ~ 9%y o

p (1 = r) + o9 (83)
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where 91 takes on different values for incoming and outgoing directions:

Yo = fn)  u>0, (84)

":bL = ":b 7:u’<07 (85)

1
2
where for a source condition f(u) denotes the incident fluxI' for a wcuum condition f(u) =

OI' and for a reflectie condition f(u) = v1(—u). Assuming a P; dependence for the angular

2

fluxes in Eq. (83) and taking the P, and P; moments of that equationl’ ve respectively obtain

1 1 Aml Aml
¢1,1 - fi+ Z‘ﬁ%,o - 5‘25%1 + O't,l‘ls%,o 2 =Slo 9 ? (86)
and
1 1 3 Aml Aml
5925%,0 - fz - 6925%,0 + §¢§1 + 0't,1¢%,1 ) = C% 179 ’ (87)
where
1 rl
fa=g [ Wt ds =12 (88)

Finallyl' ve obtain the SAAF equations for the Py and P; flux moments at the left bound-
ary vertex by substituting from Eq. (80) into Eq. (86)I" and from Eq. (79) ito Eq. (87)[

respectively:

1 1 1 A
—srmaaer (820 — $10) — Fit 210 — $b1. + ouagy oA =

C%,o% — ) (89)

(ot1—01,1)

36



1 1 3 A _
—rae (31— 611) — fo— gio+ 26+ oy B0 =

The right boundary equations are derived analogously.

Note from Egs. (81)[' (82)I" (89) and (90) that the ean-parity and odd-parity flux mo-
ments are independent on the mesh interior' but couple at the outer boundaries. Thus
the P, SAAF equations are equivalent to P; even-parity and odd-parity equations that are
independent on the mesh interiorl’ but coupled at the boundaries. These equations differ
from the standard P; even-parity and odd-parity equations only in that the standard equa-
tions are completely independent. Thus it is clear that solving the SAAF P, equations is
closely related to independently solving both the even-parity and odd-parity P; equationsl’
but it is not equivalent.

Since we have stressed the importance of obtaining symmetric positive-definite (SPD)
discretizations for the SAAF equationl’ ve should note that the discrete P; equations that we
have derived are not SPD. Howeverl for the case of source or wcuum boundary conditionsI’
this is just a scaling problem. To obtain SPD equations one need simply scale the Legendre
polynomials so that they are orthonormall' and then expand the flux and tak moments

with respect to the these polynomials. For the case of a reflective boundary conditionI’ one
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must additionally replace Eq. (85) with

":bL = ":b 7a‘11 K, (91)

=

and then set ¢: ; = 0 and eliminate its equation from the coeflicient matrix.
27

6 Computational Results

In this section we compare SAAF solutionsI' een-parity solutionsI' odd-pariy solutionsl’
and averages of the even-parity and odd-parity solutions for a simple problem. A definitive
comparison of these types of solutions is beyond the scope of this paper. Our only purpose
is to demonstrate that numerical solutions of the SAAF equation are possiblel’ and to gie
an elementary comparison of such solutions with solutions to the traditional self-adjoint
equations.

A single problem is considered. It consists of a 1-D homogeneous slab of isotropically-
scattering material with a total width of 1 emI' a total cross-section of 2e¢m™'T" a scat-
tering cross section of 1.0 em™'I' a spatially-constant isotropic homogeneous source of 1
particle/cm® — secl' and wcuum boundaries at each face. The S, angular discretization
was used in conjunction with linear-continuous finite-element spatial discretization for all
of the transport equations. The S; equations are equivalent to the P; equations with Mark
boundary conditions. An analytic P; solution to the test problem with Mark boundary

38



conditions is straightforward to obtain. In particularl’ the scalar flux solution is gien by

_ exp[vB(1 - z)) + explv/6al
1= 1/V2+ (1 + 1/v2) exp[v6]

(92)

Calculations were performed for a sequence of meshes. Each mesh in the sequence had
a different number of spatial cells. The cell widths were initially uniformI’ but the widths
were perturbed using pseudo-random numbers. In particularl’ eah vertex (except the first

and last) was given a perturbed coordinate as follows:

Zp = 2y + 0.16Az, (2R, — 1) (93)

where 2, denotes the perturbed coordinatel'z, denotes the unperturbed coordinatel’ A,
denotes the unperturbed cell widthl' and R, denotes a pseudo-random number. The cell-
widths were perturbed to ensure elimination of anomalous accuracy effects that are some-
times observed with perfectly uniform meshes.

The absolute value of the relative error in the total absorption rate as a function of the
number of mesh cells in the calculation is plotted in Fig.(1) for the even-parity solutionI’
the odd-parity solutionI' the self-adjoit solutionl' and the aerage of the even-parity and
odd-parity solutions. Since the SAAF equation produces both vertex fluxes and cell-center
fluxesI' the errors for eah of these component solutions are separately plotted. The cell-edge
absorption rates were actually calculated at the cell centers by averaging the two cell-edge
fluxes associated with each cell. All of the solutions exhibit second-order accuracy. The
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least accurate solution is the even-parity solutionl’ while the aerage of the even-parity
and odd-parity solutions is the most accurate. The self-adjoint cell-center solution and
the even-parity solution show comparable accuracyl’ while the self-adjoit vertex solutionl’
the odd-parity solutionl’ and the arerage of the even-parity and odd-parity solutions show
comparable accuracy. It is not clear that any general conclusions can be drawn from the
calculations except that the SAAF equation is comparable in accuracy to the traditional
self-adjoint equations.

Rather than consider only the total absorption ratel’ v also considered the cell-wise
absorption rate. In particularl’ the error in the aerage absorption rate for each cell was
calculated for each of the S, calculations. A global measure of the cell-wise errors was then
obtained for each S, calculation by taking the L, (Euclidian) norm of these errors and
dividing it by the L, norm of the exact cell-wise absorption rates. This relative cell-wise
error norm is plotted in Fig.(2) as a function of the number of mesh cells for the even-
parity solutionI' the odd-pariy solutionI' the self-adjoist solutionI' and the aerage of the
even-parity and odd-parity solutions. Comparing Figs.(1) and (2)I" ve find that the relative
accuracy of the various solution types (even-parityl' odd-parigI’ etc.) hanges depending
upon how one measures the error.

All of the equations were solved using the conjugate-gradient method with row and
column scaling for preconditioning. As one would expectI’ the CPU time for solving the
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SAAF equation is comparable to the total CPU time for solving both the even-parity and
odd-parity equations. HoweverI' the CPU time for the SAAF equation is always a bit larger.
We believe that this is due to a larger condition number for the SAAF equation. This is
expected since the SAAF equation has twice as many unknowns (in 1-D slab geometry)
than the individual even-parity and odd-parity equations.

It should be noted that our discrete SAAF P, equations become completely equivalent to
our discrete SAAF S, equations if the P, equations are modified to satisfy Mark boundary
conditions. This is achieved by replacing the factor of i in Eq. (89) and the factor of g in
Eq. (90) by the factor ZL

/3"

7 Conclusions

We have shown that the SAAF equation is a useful alternative to the traditional self-adjoint
form of the transport operator. Solution of the SAAF equation is closely related to inde-
pendent solutions of both the even-parity and odd-parity equationsI’ but it is not equialent.
The primary advantage of the SAAF equation lies in its boundary conditionsI' whih are
much simpler than those of the traditional even-parity and odd-parity equations. These
boundary conditions are particularly advantageous for multidimensional S,, calculations

with reflective and reflective-like boundary conditions. Another advantage of the SAAF
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equation is that it can be solved in a void region. The traditional self-adjoint equations
cannot be independently solved in such regions.

Much additional research will be required to fully characterize the advantages and
disadvantages of the SAAF equation. The asymptotic behavior of SAAF solutions and
void solutions to the SAAF equation are topics of particular interest to us.

In closing we note that the DANTE code 9 has been recently developed at Los Alamos
National Laboratory to solve the even-parityl' odd-parigl’ and SAAF equations. TANTE
solves these equations in 1-DI' 2-D and 3-D Cartesian geometries. The 2-D and 3-D meshes
are unstructured. The 2-D meshes are composed of arbitrary combinations of quadrilaterals
and trianglesI while the 3-D meshes are composed of arbitrary conbinations of hexahedra
and degenerate hexahedra. DANTE offers both S,, and P, angular discretization’ with P;-
synthetic acceleration of the S,, source iterations. We expect DANTE to be a very useful
tool for investigating the advantages and disadvantages of the SAAF equation. It was used

to perform the calculations presented in this paper.

Appendix

The purpose of this appendix is to show that the spherical-harmonics functions are eigen-

functions of the monoenergetic Boltzmann scattering operator. The even-parity and odd-
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parity components of this operator are also discussed.

We begin be defining the spherical-harmonic function of degree [ and order m:

Y}m(ﬁ) = /O P"™(u) cos(mw) ,0<m <1,

= ,/C’"P| ™ ) sin(|m|w) ,—1<m <0,

(94)

where P™(z) is the associated Legendre functionL0 i 1s the cosine of the polar anglel'w is

the azimuthal anglel’ and
(L — m])!

Cl"=(2—bmo) 77— 95
The spherical-harmonic functions are orthogonal:
+1 4T
Ym Y? dud mi e -

We now apply the Boltzmann scattering operator to an arbitrary spherical-harmonic func-
tionFY}cj:
. —  — . ——/
svi=[ o (6 Q)Y,g(g?)dﬂ' . (97)
4n

Next we expand the scattering cross-section in Legendre polynomials:

svi= [y 2041 po (‘6' Q) Y; (‘6) | (98)
4 "o 47
where
+1 0
ov=2m [ o, (uo) P (o) duo - (99)
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. o . 1 0 - — .
Using the addition theorem™ to re-express P’ | 0 - Q )’ ve obtain:
!
——
(@ 0) = X oA (w) P (W) cosm (w —w)] (100)
m=0
Applying the formula for the cosine of the difference of two angles11 to Eq. (100)I" ve obtain

P (aﬂ . _(?) = Y _ OrP™ (p) P (i) [cos(mw) cos(mw') + sin(mw)sin(mw')]

- st (8) ()
(101)

Substituting from Eq. (101) into Eq. (98)I" ve obtain

o0 l _ .
- [ £ 35 o () o () e (@)
4 T m=—I

T =0

Using the orthogonality condition expressed by Eq. (96)I" ve find that Eq. (102) reduces to:
SY? = oY} (5’) . (103)

Equation (103) shows that the spherical-harmonic function ¥;™ is an eigenfunction of the
Boltzmann scattering operator with eigenvalue o;. This means that the operator S is
diagonal in the spherical-harmonic basis with elements corresponding to the scattering
cross-section moments.

Each spherical-harmonic function is either even or odd in 6) In particularI'Y;™ is even
if [ is even and Y;™ is odd if [ is odd. The operator ST is equal to S but operates only on
even-parity functionsI’ while theS™ is equal to S but operates only on odd-parity functions.
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It is clear from their definitions that S* and S~ are also diagonal in the spherical-harmonic
basis with elements corresponding to the even and odd scattering cross-section moments

respectively.
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Figure Captions

1. Comparison of Total Absorption Rate.

2. Comparison of Cell-wise Absorption Rate.
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